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OPTIMUM FLIGHT PATHS OF TURBOJET AIRCRAFT*- 
By Angelo Miele 


SUMMARY 


The climb of tiarbojet aircraft is analyzed and discussed Including 
the accelerations. Three particular flight performances are examined: 
mlnlTmim time of climb, climb with minimum fuel consimiption, and steepest 
climb . 


The theoretical results oh-bained from a previous study are put in a 
form that is s\iltahle for application on the following siniplifylng assump- 
tions; The Mach n-uniber is considered as independent variahle instead of 
the velocityj the variations of the airplane mass due to fuel consumption 
are disregarded) the airplane polar is assumed to he parabolic) the path 
curvatures and the squares of the path angles are disregarded in the pro- 
jection of the equation of motion on the normal to the path) lastly, an 
ideal t\jrhoJet with performance independent of the veloci-fcy is Involved. 

The cptimim Mach nuniber for each flight condition is ob-talned from 
the solution of a sixth order equation in which the coefficients are 
functions of two f-undamental parameters; the ratio of minimum drag in 
level flight to the thrust and the Mach n-umber which represents the flight 
at constant altitude and maximum lift -drag ratio. 

Diagrams for a qiiick calculation of the optimum Mach nunibers and the 
effect of accelerations on the rate of climb in tropospheric and strato- 
spheric flight are given. 

The critical discussion of the effect of the basic ass-umptlons is 
followed by the sviggestion of a method for -fcaklng into account the depend- 
ence of the turbojet performance from the veloci-fcy and the variations of 
the airplane mass due to fuel cons-unption. 

The stijidy is concluded with a n-umerical example which shows the 
\m-usual advan-fcages accruing from the new flight technique when the climb 
is pushed to near celling level. 


*"Traiettorie Ottlme Di Volo Degli Aeroplani Azlonati Da Turbo- 
reattorl." L *Aero-tecnica, n. 4, vol. XXXII, 1952, pp. 206-219. 
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SYMBOLS 


a = \JJSRr velocity of sound, m/s 

Cp lift coefficient 

lift coefficient r^resenting nwylimnn lift /drag ratio 

drag coefficient 
drag coefficient at zero lift 


Cr 


e 


Oswald efficiency factor 





maxiiinm aerodynamic efficiency 


Ea = ^z/^zu “ 0/sin 0u acceleration factor = ratio of effective 

rates of climb to that computed with 
accelerations disregarded 

g acceleration of gravity, 9»8o66 m/sec^ 


K 

M = v/a 
Me = Vc/a 


ratio of specific heat at constant pressure to specific 
heat at constant volume, l.if- for air 

Mach number 

Mach number at maximum rate of climb with accelerations 
disregarded 


Mr = Vr/a 


Manh number at maximum path angle computed with accelera- 
tions discounted 


= Vg/a 


Mach number representing horizontal flight at rw- y-lTmim 
lift -drag ratio 


N 


rps of turbojet 


P 


pressure, kg/m^ 


P 


lift, kg 
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q[ specific fuel consumption, kg/sec 

Q weight of airplane, kg 

= p/PT constant of the air, 287.I m^sec"^ 9 K“^ 

R aerodynamic resistance, kg 

•^Wn ” Q/Emflv minimum aerodynamic resistance in straight horizontal 
flight, kg 

p 

S wing area, m 

I thrust, kg 

V speed, m/sec 

V(. speed at maximum m/sec 

Vr speed at Trw.-y-f mum 0^^ m/sec 

Vj; speed of straight horizontal flight at maximum efficiency, 

m/sec 

Vz effective rate of climb, m/sec 

Vzu rate of climt with accelerations disregarded, m/sec 

X = Rjnin/® = Q/®Wx minimum drag/thrust ratio 

Y ratio of optimum speed for a certain flight condition with 

accelerations allowed for to the corresponding value 
determined with accelerations discounted 

Z altitude, m 

altitude of tropopause, 10,769 m 

a ahsolvrbe value of ten5>erature gradient in the troposphere, 

0.0065° K/m 

error introduced in the calculation of the speed of climb 
due to disregarded centripetal acceleration 

€.(j error Introduced in the calculation of the speed of climb 

as a result of disregarded tangential acceleration 
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error introduced In the calculation of the speed of climb 
as a result of having assumed cos 0=1 in the pro- 
jection of the equaticm of motion on the normal to the 
flight path ^ 

angle of effective path 

path angle con5)uted while disregarding the accelerations 


A 

P 

o = P/Po 

T 

Suh scripts; 
0 
* 


geometrical aspect ratio 
air density, kg sec^ m“^ 
relative air density 
absolute temperature, 9 K 

refers to sea level 
refers to tropopause 


1 . INOIEWDUCTION 


A general method relating to problems of optimum in nonsteady flight 
was developed and discussed in earlier reports (refs. I5 and I9) . They 
define the partic\ilar distributions of the velocity V = V(z) which 
produce the initial conditions (Vi, Z^) for prescribed final conditions 
(V2, Z2) with minimum time or minimum fuel consimiptlon or dis- 
tance covered in horizontal flight. 1' 

The weight of the airplane is assumed constant. The angle between 
thrust and velocity vectors is disregarded. The projection of the equa- 
tion of motion on the nonnal to the flight path is approximated at P = Q. 
For the steepest climb, the additional assumptions sin 0 = tan 0 in the 
projection of the equation of motion on the tangent to the flight path are 
accepted . 

For the thrust and the fuel consumption per unit time, the analytic 
expressions 

T = T(V, Z) (1) 

<1 = a(v, z) (2) 


are assumed. 
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It is shown that the orptiraum. distributions V = V(z) include two 
terminal paths depending on the limiting conditions and a central section 
defined hy 


(a) Climb with m^Tl^Tm7Tl1 time 

8(TV - HV) ^ V 8(tV - BV) 
Bv g 8 z 


(3) 


(h) Climb with niiniTmTm fuel consumption 


_8 

TV - RV 

_ V 


TV - KV 

8v 


g 

8z 

q. 

b> •> 


(c) Steepest climb 


8(T - R) 

8v 


V 8(0? - R) 
g 8z 




(5) 


In the most inportant flight condition (with the same nomenclature 
as used in ref, I9) , the first case (acceleration and climb at low speed 
pthI low altitude, at high speed and high' altitude) and under the restric- 
tive conditions Z2_ < Z < Zg, the foregoing terminal paths result in two 

horizontal accelerated motions corresponding to the extreme altltvides 
Zi, Z2 . 


0 ?o illustrate; For the rapid climb (equation (5) is synthetically 
indicated hy cd(V, Z) = O) , the following theoretical optima in flight 
axe indicated; 

(a) Terminal altitudes,' hoth tropospheric or hoth sixatospheric 
(fig. 1 -A); 

(1) Accelerating at cons-tant altltiaie Zi from "Vi to "Vy defined 
with oCV, Zj^) = 0 . 

('2) Climb from Zj_ to Z2 utilizing the velocity distribution 
defined hy oj(V, Z) = 0 . 

(5) Accelerating at cons-tant altitude Z^ from defined "by 

cd('V, Z2) = 0 to final speed V2- 

(h) Initial tropospheric altitude and final stratospheric altitude, 
(fig. 1 -B); 



6 


MCA OM 1389 


(1) Accelerations at constant altitude Zj^ from. to Vm defined 

ty oi(V, Zi) = 0 . 

(2) Climb from (Z^, ■%) to (Z*, V.J.) using the velocity distribution 
defined by o)(V, Z) = 0 . 

(5) Accelerations corresponding to the tropopause from V-t to Vg. 

( 4 ) Climb from (Z*, Vg) to (Z2, Vh) using the velocity distribution 

0)(V, Z) = 0 . ■ 

(5) Accelerations at constant altittide Z2 from Vu to final 
speed V2 • 


2 . TURBOJET AIRCRAFT 


The values developed in the foregoing are of general character. In 
the present paper, it is intended to apply them to the specific case of 
turbojet aircraft by transforming the data already available with the aid 
of suitable assun^itions for more convenient vise. 

Thrust and fuel consvmiption per unit time of turbojets are, in stand- 
ard atmosphere, fvinctions of the following natnre; 


T = T(V, Z, N) 

(6) 

q. = q.(V, Z, N) 

(T) 


V the velocity, Z the altitude, and N the number of revolutions per 
minute . 

Accordingly, the velocity distributions (3), ( 4 ), and (5) produce 
optimum values for the respective cases of flight, in correspondence with 
each arbitrarily prescribed function „ 

N = H(V, Z) (8) ■ 

which makes it possible to reduce (6) and (7) to (l) and (2) . 

In accordance with ordi n a r y operational practice, the paths flown at 
constant number of revolutions are analyzed. Accordingly (8) is replaced by 

( 9 ) 


N = constant 
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5. ADDIOniOML ASSUMPOIEOIIS EELA.TING TO TEE POWER PLAET 


In order to obtain simple solutions, an ideal turbojet with perform- 
ance Independent of the velocity^ is assumed. Accordingly, having assumed 
N = constant, thrust and fuel consuii5)tion depend solely on the altitude. 
fphp following analytical representation is preferred: 

(a) troposphere 

T/Tq = = fi(z) 

q/q^ = = f2(Z) 

(b) Stratosphere 

= fjCz) 


(10) 

( 11 ) 

(12) 


A statistical analysis of the performances of a number of tiurbojets 
has proved the suitability of taking the following medium values 

r = 0.75 s = 0.90 (15) 

into consideration for the conditions of climb, 

Ihey are only approximate and differ somewhat from those defined by 
Ashkenas (ref. 7 ) and tifford (ref. 8) in previous studies where the 
principal object was the study of the range performance of turbojet air- 
planes . 


4 . ADDITIOHAL ASSUMPTIONS RELATING TO THE AIRCRABT 

The aircraft drag polar is assumed to be parabolic 

Or = + Cp2/jcXe (l 4 ) 

with coefficients e independent of the Mach number and the Reynolds 

number . 


^A method for taking the dependence of T and q. on the speed is 
given at the end of the present report. 
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Having approximated the projection of the eq.Tjatlon of motion on the 
normal to the flight path with 


« . P = i CppSV^ 

It follows that the aerodynamic resistance taices the form 

R = i CrpSV^ = EoV^ + F/aV^ 


with 


E = I 

F = aq^/itXep^jS 


(15) 


(16) 

(IT) 

( 18 ) 


5. OPO?IMIM VELOCirr 


Development of equations (3), (k) , and (5) with the aid of (lO) , 
(11), (12), and (16) results In the following sixth power equation 

AV^ + BV^ + CV^ + 1 = 0 (19) 

The coefficients A, B, and C deper^ on the type of flight and alti- 
tude, as well as on the ch^acterlstlc parameters of the aircraft and 
the engine. Hence: - 

(a) Climb - minimum time 


A = — — 
gB' dZ 

. _ _E_ ^ 

F " ^ dZ 


(20) 

(21) 


C - — 1 < 3.0 

F gtJ dZ 

(h) Climb - TTii.niTTTum fuel consunptlon 

§3. 

dZ 



(22) 

(23) 
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B _ ^ Tg 1 dq. 1 dT 

F ^ q. dZ Q? dZ 


C -i 

F g 


(c) Steepest climb 


1 ^ _j_ 1 dq| 
(j dZ q. 


A = dg 
2gF dZ 


B = - 


Eg^ _ g dT 

F “ 2gF dZ 


C = - 1 dg 

2gg dZ 


6. FUKDAMENiEAL PAEAMEIERS 


m 

( 25 ) 

( 26 ) 

( 27 ) 

(28) 


The following variahles are introduced: 

(a) Eatio of mi ni Tmmi drag in straight horizontal flight to thrust 

X = Rmin/T = Q/™max (29) 

(h) Speed in straight horizontal flight in attitude of ma.xi mum 
efficiency 



and the corresponding Mach nimiber 


Me = Vg/a 


( 50 ) 


( 51 ) 


These parameters or other derivatives of their conhlnatlons are 
fimdamental in the study of all flight performances of Jet aircraft 
(refs, (li-) , ( 5 ), ( 13 ), and (lit-)). They allow for the "basic aerodynamic 
characteristics ^"Ae, *^rQ^^ wing loading, altitude of fll^t, and excess 

of thrust with respect to the minimum drag. 
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7. OPTIMUM MACH NTMBEE 


The use oT the results obtained in section 5 presents no conceptional 
difficulties , hut the calculations involve much paper work. Fortunately, 
however, it is possible to effectuate considerable sin5)lificatlons by 
choosing the Mach number instead of the velocity as basic variable and 
Introducing the fundamental parameters Mjj and x. 

Equations (lO) , (ll), and (l 2 ), and that of the standard atmosphere 

give: 


(a) Troposphere 


with 


1 ^ M ^ ^ 

d dZ rT dZ sq dZ t 


(52) 


e 


= ^ - 1 
oR 


(53) 


(b) Stratosphere^ 


i M ^ = i ^ 
crdz“5dZ qdZ"”Rr 


Furthermore, by defining 


m = 



( 54 ) 


(55) 


and bearing in mind the expression of the velocity of sound and eqmtlons 
(17) ^ (18), (20), (21) . . . (35) ^ equation (19) can be transformed into 


+ Cj_M^ +1 = 0 


(56) 


with 


A:L = Aa^ = %/Me 4 


( 37 ) 


Obviously equation ( 54 ) can be obtained from (32) and (33) by putting 
r = s = 1 and a = 0, 
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Bi = Ba^ = (58) 

Cl = Ca^ = Ki^/3%2 + (39) 

The factors are represented In table 1 . 

Eq.uation (56) as represented in figures 2 , 5 # 5 ^ and "J , enables 

a quick determination of the optimum Ifech number (M) for a given type of 
flight when the basic parameters and x are known. The same graphs 

also show the ratio (y) of the Mach number that solves the question of 
optimum allowing for accelerations, and that Mach number which will solve 
the problem when the accelerations are disregarded. The latter Mach num- 
ber gives 

Me ^ 

for the clinb with TtrlrvlTnum time and minimum fuel consunptlon, and 

= Mg (la) 


for the steepest climb. ^ 

To simplify the calculation of the optimum velocity distribution, the 
functions Mg^Mg^ = f (z) , x/xq = f (z) axe reproduced in figure 8 and 

table 2 . They axe defined 
(a) Troposphere 



% _ (J-O.6IT 

Meq 

ih- 2 ) 


JL = a"® •’^5 
XQ 

ih- 3 ) 

(b) Stratosphere 


m 

^It is Interesting to note that the equations ( 1 ) 0 ) and (ll) can be 
obtained as jiarticulax cases of (56), if the terms deriving fXcm the pres 
ence of the accelerations axe made zero, thus by putting = l 
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-g. = 0.744ff"^ (lt5) 

It Is appropriate to point out that, as far as the turbojet is con- 
cerned, optimum velocity or Mach number at a given altitude is influenced 
primarily by the local value of the thrust and to a lesser extent by the 
derivative of T and q. with respect to the altitude,.. Hence, it fol- 
lows that whenever the exponents of the laws of variations of T and g. 
depart from the mean value ( 15 ) , the results obtained can be considered 
applicable in good approximation. Greater accuracy is obtained by deter- 
mining the parameter x at different altitudes on the basis of ( 29 ) 
instead of (ii-5) and (45) > and the effective values of the thrust which 
can be read from the operating charts of the tinrbojet. - Therefore it is 
advisable to use (45) and (45) (and fig. 8 and table 2) only when the 
altitude performance is not known or when it is necessary to make a quick 
prediction of a preliminary project. 


8. SPEED OF CLIMB 


The climbing speed is (ref. I 9 ) 

Vg = F^V sin 0^ = ®u (^) 

In equation (46), sin 0^ indicates the path angle with accelerations 
neglected. Based on equations ( 16 ), (ij), ( 18 ) , ( 29 ), (jO), and ( 5 I) 



The factor of acceleration Fg^ is the ratio of effective rate of 
climb to that conq>uted with accelerations dl^ovinted 


F 


a " 



sin 0 
sin 0^ 


1 + 


1 

2g dZ 


(48) 


From equation (48), together with the ejjpresslons giving the optimum 
velocity distributions, follows 


F„ = 


1 + 


o ®(z, 1%) 

Mg) 


= F(M, Me) 


(49) 
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with 

$(x, Mj.) = (ciM^ + C^^)x + (CjM^ + Ci^)me 2 + C^xm/ ( 50 ) 

$(x, + C-jM^^x + + Cj_q3M^ (5^) 

The coefficients C]_ . . . C2_p for tropospheric flight are given in 
table 3. The values relating to stratospheric flight axe obtained from 
those preceding by posting 


m = r = B = 1 

(52) 

€ = CO 

Eq.uation (lt- 9 ) is plotted in figures 9 , 10 , 11 , and 12 for optimum 
climb with Tn-IrrlTmim time and minimum fuel consumption. 

It should be noted that equation (lj- 9 ) contains as particular case, 
the formiilas of the acceleration factors associated with the distributions 
( 4 o) and (J|-l). It is sxofficient to put 01 = 05 = 0^ = 05 = 03 = O^q = 0 . 


9. MMERIOAL APPLIOATIONS 

As a check on the actxxal advantages obtainable from the use of the 
deduced velocity distributions, the analysis is made on a numerical 
exanple (case l) . 

Time, space, and fuel consultation connected with the cptimum velocity 
distributions are ccsipared with the time, space, and consumption associated 
with a certain number of arbitrary distributions. 

Eight velocity distributions V = V(z) are considered (fig. 13 ) • 

Each one includes two accelerated motions corresponding to the initial 
final altitude and a center section of the flight path along which 
the function V = V(z) is defined as follows; 

(a) Distribution - minimum time (eq. (3) ) . 

(B) Distribution - mini mum fuel consunrption (eq. ( 4 ) ) . 

(C) Distribution - minimum distance flown horizontally (eq. (5))* 

(d) Velocity distribution for maximum rate of climb at each altltiide, 
accelerations disregarded (eq. (4o)). 
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(e) Velocity distribution for maximum path angle at every altitude, 
accelerations disregarded (eq.. ( 4 l)). 

(f) Arbitrary distribution defined by = 596 + 21.0 

(g) Arbitrary distribution defined by 'V-irmh = ^50 + 11.4 Zum* ' 

(h) Arbitrary distribution defined by = const. = 805. 

The characteristics of the airplane in question are: 

Q = 5000 kg ^ = 0.018 

S = 25 Tq = 1680 kg 

A = 5 <3q = 0.606 kg/sec 

e = 0.8 

The theoretical ceiling is about l 4 , 6OO m. Ihrust and specific fuel 
consumption are s\5>posed to vary with the altitude in accord with equa- 
tions (10), (11), and (12). The dependence of T and "q on velocity is 
■disregarded in the present exan5)le. , _ 

The limiting conditions are 

(1) Initial: Z = 0 km, V = 2 T 4 kmh. 

(2) Final: 9*15 10 . 769 hm, 12.2 km, 13. 7 hm altitude, but the 

same final speed (V = 805 km/h) . 

The principal n'umerlcal results are condensed in tables 4 , 5 ; 6, 

8, and 9- The basic conclusions are as follows; 

(a) Rate of climb - ■ minimimi time .- The relative and absolute impor- 
tance of, using the new -unsteady distribution A instead of the old steady 
distribution D increases with the final altitude. The gain in time is 
merely 3'*4 seconds (0.57 percent) for a climb to 9.15 km, but II6.5 sec- 
onds ( 7*64 percent) for a climb to 13*7 km. These figures are in agree- 
ment with those obtained by Lush (ref. I7) . 

It should be noted that the distribution A is better than D in the 
overall sense but not in the partial. Thus table 8 shows, for example, 
that an aiip>lane in flight using distribution A recovers during the 
accelerated horizontal- phase of motion the time lost at final altitude 
with respect to distribution D during the other phases of flight. 
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("b) Bate of climb - minlnrum fuel constmg)tlon .- QIhe q^ualltatlve con- 
clusions are identical with those for mim'Tmnn time, hut the advantages 
accruing from using unsteady distribution B instead of D are less (the 
saving in fuel for a 15.7 hm climb is 2.5 percent). 

From the practical point of view, it is interesting to note the pos- 
sibility of obtaining a good compromise between the necessity of a climb 
in minimum time and climb with minimum fuel consuir^ption. 

(c) Steepest cH mb . - A comparison of the unsteady solutions (c) with 
the steady (E) for this kind of flight yields conclusions similar to those 
obtainable for the climb in Ttiinimum time. 


10 . CRITICAL REMARKS REXIARDING THE OBTAINED SOLUTIONS 

(a) Variation of thrust and fuel consumption with the altitude .- The 
mean values of r(0.75) and s(0.90) Involveri are me-rely B.pprn y i mat e - 
Nevertheless, the writer believes that the practical divergence of r and 
s from the assumed values have a negligible effect on his results, if the 
advice given at the end of section 7 is taken. 

(b) Conpressibility effect .- The foregoing formulas were deduced 
while disregarding the dependence of the aerodynamic parameters of the 
aircraft (Cj-q, e) from the Mach number. In conseq.uence, they apply when 

the Mach number of flight is lower than the critical Mach nuniber corre- 
sponding to the lift coefficient known from the condition of flight in 
q.uestion. From the qualitative point of view, it is peimlsslble to pre- 
dict that the compressibility tends to produce an approach between the 
unsteady and the corresponding steady distributions. However, they 
reduce the advantages obtainable by the use of the new flight techniques. 

(c) Discontinuities in the solution at the tropopause .- The equatians 
defining the optimum velocity have two solutions representing the trqpo- 
pause (ref. I9) . One is the terminal velocity of the tropospheric flight, 
the other is the initial velocity of the stratospheric flight. It can be 
proved analytically that stratospheric flight is always greater than the 
tropospheric at Z = Z^. 

(d) Comparison of ste^y and unsteady solutions .- The figures 2 , 3 # 

4 , 6, 7, and I5 prove that the optimum velocity obtained by the present 

analysis is , in general, greater than those obtained by a "steady” analy- 
sis. In the case of the climb with minimum fuel consumption, the results 
may be not as good (low altitude, x < 0.379) • 

(e) Effect of the accelerations on the speed of climb .- The figures 9 ^ 
10, 11, 12 , and table 9 (exanple treated in section 9) show the need for 
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Including the accelerations in the evaluation of the climb performance. 

The significance of this concept increases with Increasik^g altitude, _ 
especially in the stratosphere. 

(f) Dependence of the turbojet performance cn the altitude .- The 
aspect of an ideal turbojet with performance Independent of V was basic 
to the effects of obtaining easily usable results. Whenever it is desired 
to Include the changes in T and q., it is advisable to proceed in the 
following approximate manner. Reference is made to the climb with mini- 
mum fuel consun^jtlon which is the type of flight for which this note can 
be of particular Interest. Kie other cases are treated by analogy. 


The optimum velocity is obtained; 


(1) by computing the steady solution, that is, the velocity which 
solves 



TV - RV 

8v 

q. _ 


= 0 


(55) 


The dependence of T and q on V is considered. 

(2) by multiplying the preceding velocity by the factor 


Y = V/Vc = M/Mc = f (x. Me) 


(51^) 


which allows for the accelerations and can be deduced from figures ^ 4 - 
and 5 * 

(g) Effect of change of airplane mass on climb performance .- The 
foregoing results were obtained by considering an airplane of constant 
ideal massj however, due to the fuel consumption, a correction can be 
applied at some suitable time. The accelerations and mass changes of 
the aircraft ordinarily exert opposite but noncompensating effects on 
the flight performance . At low altitude, the effect is ..unfavorable due 
to the accelerations. At high altitude, the effect is the opposite. In 
particular, the theoretical ceiling is higher than ccxoputed by assuming 
Q = const. It is somewhat difficult to study the conditions of the opti- 
mum when the changes of Q are Involved; however, fortvinately a satis- 
factory solution from the point of view of modern engineering practice 
can be obtained by proceeding iteratively (ref. 19) as follows; 

(a) Ccm5)ute in first approximation the fuel consumption for Q = const. 

(b) Determine the instantaneous weight of the airplane at various 
altitudes. 

(c) Introduce the optimum velocities and the climb velocity corre- 
sponding to the instantaneous values of Q in the equations. 
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The convergence is very rapid. Two attempts are siafficient. The 
principal conclusions are as follows: The mass changes of the aircraft 

due to the consumed fuel produce an increase of Vz, and a decrease in 
the optimum velocity relative to the canputed values on the hasis of 
Q = const., the first effect (on Vz) having the greatest relative sig- 
nificance, It is readily apparent on the calculation of the airplane of 
section 9 and the climb in minimum time. (Con^pare table 10 .) 


11 . CONCLUSIONS 


The principal results can be summed X 3 p as follows: 

(1) The problem of the t-urbojet aircraft relative to the velocity 
distribution V = V(z) is solved. It results in certain initial condi- 
tions and prescribed final conditions with minimum time, minimum fuel 
consumption, and minimum flown horizontal distance, 

(2) When the mass cheuages of the airplane due to the consun5>tion of 
fuel, the curvature, and sq^uares of the path angle are disregarded, the 
optimum technique of flight yields two terminal flight paths depending on 
the limiting conditions and a central path along which the velocity dis- 
tribution is defined by eq.uations (3 ) , ( 4 ) , and (5) . 

(3) In flight case I (acceleration and clinib at low speed and low 
altitude at high speed and high altitude) and imder the restrictive con- 
ditions imposed on the flight path to remain within the area of the space 
limited by the horizontal planes corresponding to the extreme altitudes , ' 
the two foregoing terminal paths are two paths to be flown in level hor- 
izontal flight. 

( 4 ) The optimum velocity distributions along the central path flown 
at variable altitude are defined by eq.uatlons of the sixth power, pro- 
vided the polar is assumed parabolic and the operation is carried out at 
constant number of revolutions with an ideal turbo;Jet of performance inde- 
pendent of the velocity, 

(5) It is advisable to assume the Mach number of velocity as funda- 

mental variable, since the solutions obtained will then be d^endent 
solely on two parameters: the Mach number corresponding to rectilinear 

horizontal flight in position of maximum efficiency and the mini mi mi drag 
to thrust ratio. Graphs are supplied for each case which permit a qiiick 
calciAlatlon of the optimum Mach numbers and of the effect of the acceler- 
ations on the speed of climb. 

( 6 ) Climb - minimum time .- The optimum velocities are always greater 
than those obtained from a "steady" analysis. The relative difference 
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may reach -up to 20 percent In the stratosphere. The accelerations can 
reduce the climbing speed up to 20 percent in stratospheric flight, 

(7) Climb vlth minimum fuel consimrptlon . - 2 !he c^timum velocities for 
stratospheric flight are always greater than those obtainable with the 
accelerations disregarded. In tropospheric flight, they can be less at 
low altltijdes (x < 0 . 579 } 2 ? > 2.64 Rmin) • The accelerations can reduce 
the rates of climb by as much as 30 percent in the stratosphere. 

( 8 ) Steepest climb .- The optimum velocities are always greater than 
those obtained by "steady" analysis. The difference may amount to as 
much as 30 percent in the stratosphere. The effect of the accelerations 
on the speed of climb is more severe than in the preceding cases. 

(9) Tte validity of the foregoing results is saibject to a check that 
the Mach nmriber of flight is lower than the critical Mach number corre- 
sponding to the lift coefficient relating to the conditions in question. 

The coii5)ressiblllty has an unfavorable effect on the climb performance. 

More particularly, an approach between the new unsteady distributions and 
the old steady distributions produces a decrease of the advantages obtain- 
able thro'ugh the use of the new techniques of flight, 

(10) In the troposphere, the solutions are discontinuous. Corre- 
sponding to such altitvide, it is necessary to accelerate the aircraft 
from its terminal velocity of tropospheric flight to the initial velocity 
of stratospheric flight, if the optimum climbing performances are to be 
obtained. 

(11) The changes in airplane weight due to fuel consumption are taken 
care of by a correction applied to the second approximation. In conse- 
quence, the climbing speed is increased and the velocity on the path 
reduced with respect to the values conputed for Q = const. 

(12) The following concepts are dete rmin ed by way of an example on 
a typical jet fighter: 

(a) The relative and absolute significance of using the optimum 
flight path deduced from that obtained by disregarding the increased 
accelerations with increasing final altitude for every case of flight. 

(b) As far as the climb in mini.Tnum time is concerned, the new unsteady 
solution, conpared to the corresponding steady solution, makes it possible 
to save 7.6 percent of the total time (about 2 minutes) in a final climb 

to 15.7 

(c) A good conpromise can be reached between the necessity of climb 
in minimum time and climb with minimum fuel consumption. 
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APPENDIX 


JIKEEFICAOniON OF IHE ASSUMPTIONS USED IN THE DEDUCTION 
OP THE OPTIMUM VELOCITy DISTEUCBUTIONS 
( 1 ) Cl±mb - Minimum Time 

In ordinaxy mechanics of fllglrb, the optimum velocity for the climb 
is deduced like that for tiwI velocity with accelerations disregarded. 
Additional assumptions are usually adapted which consist in disregarding 
the sq^uares of the path angles in the projection of the eq.uatlon of motion 
on the normal to the flight path} however, it is added to the steady solu- 
tion (4o) . 

The climbing speed ccmiputed on the basis of these assumptions and of 
the velocity on the flight path defined hy (4o) is affected hy errors 
which are reflected in the evaltiation of the time of climb and the con- 
sunption of fuel. These errors included in the calcialatlon of Vg are 

itemized so as to show their absolute and relative significance. We shall 
omit details of the lengthy calculations based on the steady distribu- 
tion (40) and on the assumptions used in the course of the work. Only 
the results are given here. The errors are given in relative foana and 
referred to velocity Vzu* 

It is 


(55) 


(56) 


X = — (stratosphere) (57) 

KxMg^ 



This error Increases in ratio to the altitude and reaches its highest 
value in correspondence with the theoretical ceiling (x = 1, g = 2) 


(a) Error due to disregard of tangential accelerations . - 
expressed by 


~ = Fa - 1 = - 


1 

1 + X 


' Ml - rffl t)V 
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■ 1 + 4/kMe2 

From ( 59 ) ) it follows that the omission of the tangential accelera- 
tions can result in errors 15 ) to 20 percent of the clii±>ing speed at 
altitudes near the ceiling. 

(h) Error due to disregard of centripetal accelerations.- Troposphere 


^ .V, 2Kinr(2£ - 1 )Me^ 

' goQ dZ 

stratosphere 

e = 2K(2g - 1 )Mt^2 
° 3x|E2^ 


(60) 

(61) 


This error increases with the altltiide and reaches its highest value 
in correspondence to the theoretical celling height _ 


° E^max 

It is easily checked that is usually below O.OO5. 

(c) Error due to disregar’d of squares of the path angles ; 


(62) 


e 


FV, 


0 = 


zu 


QaVc^ 


1 


■c- max 



(63) 


This error, unlike the other two, assumes greater significance at low 
altitude where the thrust is high. In the ideal limiting case, x— >0, 

I — >1, it results in 


€0 


1 

2E^max 


(64) 


This formula produces much smaller errors than those given by Ltish in 
reference (17) which are too conservative. Ordinarily, €0 < 0.004. 

(d) Conclusions .- The application of the preceding formu l as to modern 
jet aircraft shows that the error due to omission of the tangential accel- 
erations is from 10 to 60 times greater than the total error due to dis- 
regarded centripetal accelerations and the scLuares of the path angle. 
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These statements justify the following conclusions; Of the classi- 
cal assumptions made on the basis of the "steady" analysis of optimum 
conditions of jet airplane climb, the only one that gives rise to any 
appreciable effective error is that concemlng the tangential accelera- 
tions. Hence, if the conditions of the optimum are analyzed while 
continuing to disregard the curvatures and the squares of idle path angles 
but including the tangential accelerations, it must necessarily lead to 
more satisfactory results from the point of view of applications in 
engineering. In consequence, the assumptions leading to equation (5) 
remain jtistifiable. 


(2) Cl imb - Minimum Fuel Consumption 

Considering that the optimum distribution for the rate of climb with 
mln-tmiim consumption does not differ much from that of the m 1 niTiTum time, 
the considerations discussed in point (l) of the appendix are q.uatlta- 
tlvely applicable to this case of flight and the use of equation (ij-) is 
justified. 


(3) Steepest Climb 

The velocity distribution of the i>ath angle computed while dis- 
regarding the accelerations and posting cos 0=1 in the projection 
of the equation of motion on the normal to the flight path is defined by 

(la). 

The errors Introduced in the calculation of the climbing speed as 
a resiilt of the classical assim:ptions are the following. They are 
ejcpressed in relative form and referred to ‘tiki's time computed on 

the basis of the distribution (i-l) . 

(a) Error due to disregard of tangential accelerations .- Troposphere’ 


H = 


1 

1 + 2/KmME2 


(65) 


stratosphere 


^ = - 


1 

1 + 2/KMe2 


( 66 ) 


(b) Error due to disregard of centripetal accelerations.- Troposphere 
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KorME^ 



“ max 

stratosphere 

KMe^ 

■»-^max 

(c) Error due to ass-umlng cos 6=1: 



(67) 

( 68 ) 


(69) 


A ntmiber of applications to modern turbojet aircraft has proved 
that the proportion of the error due to tangential accelerations is frcta 
2 to 100 times greater than the ccmibined error due to exclusion of cent- 
ripetal accelerations and the squares of path angles. 

The mode of calculation on which equation (5) is based remains 
applicable to high altitude as well as to low altitude, if the ratio 
thrust weight is not excessive. This is confirmed by the foregoing 
results and also by the study of the errors as a resiilt of having assumed 
sin 0 = tan 0 in the projection of the equation of motion on the tangent 
to the flight path. 


Translated by J. Vanler 
National Advisory Conmlttee 
for Aeronautics 
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TABLE I.- COEET'ICIENTS OF THE EQU/VTIOHS JHAT DEFINE 
THE OPTIMUM MACH NUMBERS 


Coefficients 


Climb - minimum time 

Climb - minimum fuel consun^tlon 

Steepest climb 

Troposphere 

Stratosphere 

Troposphere 

Stratosphere 

Troposphere 

Stratosphere 


-K 

K(s ~ l)m 

0 

-Kin/2 

-K/2 

-5 

-5 

-5 

-5 

■J- 

-1 

2Kmi 

2K 

2Km(r - s) 

0 

Krm 

K 

2 

2 

2 

2 

0 

0 

Km 

K 

Km(s + l) 

2K 

Km/2 

K/2 
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02ABLE 2.- VALUES OF OHE] FUNCHONS 


and x/Xq 


^tan 

%/%!0 

X/Xq 

0 

1.000 

1.000 

2 

1.129 

1.159 

k 

1.282 

1.552 

6 

1.465 

1.591 

8 

1.687 

1.888 

10.769 

2.077 

2.452 

12 

2.288 

2.950 

14 

2.676 

4.055 

16 

5.150 

5.520 

18 

5.661 

7.551 

20 

4.281 

10.551 





TABLE 5.- COEFFICrEHTS FOR CXMPUTING THE ACCELERATION FACTOR Fa - TROPOSPHERE 










28 


MCA m 1389 


02ABLE 4.- OPTIMIM VELOCITY DISTRIBUTIOHS FOR CLIMBING FLIGHT 


Optimum Mach, numbers 




Me 




Rate of Climb 


Minimum time 


Minimum consumption 


Steepest 


3.05 

6.10 

9.15 

10.769 

10.769 

12.2 

13.7 


.240 

.290 

.355 

.441 

.500 

.500 

.559 


0.225 

.282 

.361 

.470 

.547 

.347 

.684 


.630 


.869 


0.439 

.480 

.531 

.600 

.650 

.688 

.713 

.730 


0.417 

0.255 

.454 

.511 

.501 

.584 

.369 

.484 

.615- 

.555 

.643 

.599 

.683 

.661 

.740 

.756 
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TABLE 5.- TIME EECESSAEr TO ACCELERATE AND CLIMB (sec) 


Velocity distribution 

Final altitude, km 

9.15 

10.769 

12.2 

15.7 

A 

597.5 

755.0 

976.9 

1521.3 

B 

601.0 

760.0 

985.2 

1555.4 

C 

701.2 

873.6 

1106.6 

1665.7 

D 

600.9 

760.8 

999.8 

1657.8 

E 

7 h - 7.2 

957.1 

1219.6 

1958.9 

F 

625.0 

787.7 

1052.3 

1692.8 

G 

648.0 

817.4 

1042.0 

1594.0 

E 

927.8 

1117.1 

1549.1 

1901.5 
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OAELE 6.- FUEl CONSlMPOniON (kg) EEQUIKED TO ACCELEEAIE AND CLIMB 


Velocity distrlbutlOQ 

Final altitude, km 

9.15 

10.769 

12.2 

15.7 

A 

226.1 

259.0 

298.1 

575 . 7 

B 

2214-. 9 

257.il- 

295.9 

572.7 

C 

257.0 

291.5 

550.2 

407.7 

D 

225.0 

257.6 

296.9 

382.1 

E 

271.8 

509.5 

35i|-.8 

449.8 

F 

231.0 

263.9 

505.9 

591.7 

G 

256.0 

295.5 

55i^.5 

414.1 

H 

595.6 

i|-38.9 

485.9 

564.6 
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TABLE 7.- HDRIZONOJAL DISTANCE FLOWN (km) 


Velocity distrilDution 


Final altitiide, km 


9.15 

10.769 

12.2 

15.7 

100.5 

130.2 

176.6 

'295.3 

96.9 

125.6 

1T0.5 

287.4 

90.5 

118.2 

162.9 

280.2 

97.1 

125.4 

170.2 

295.8 

91.0 

119.1 

166.8 

302.4 

92.6 

120.6 

165.6 

294.1 

l 2 li -.8 

160.7 

209.4 

351.8 

202.0 

244.3 

296.2 

419.6 
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TABLE 8.- COMPARISON OF TMSTEADY DISTRIBUTION AND STEADY DISTRIBUTION 
FOR MINDfflM TIME^ - ACCELERATION AND CLIMB FROM Z = 0, 

V = 274 km/h TO Z = I5.7 km, V = 805 km/h - 
TOTAL AND PARTIAL TIME (sec) 


Branch of path (fig. I3) 


Horizontal flight accelerated to 
Z = 0 . . . 

Horizontal flight accelerated to 

Z = 10.789 km 

Horizontal flight accelerated to 

Z = 13.7 km 

Climb 


Total time 


Velocity distribution 

A 

D 

51.5 

28.k 

25.1 


22.1 

559.5 

11 j 42.8 

1269.9 

1521.5 

1657.8 


Sliimlted to vinsteady (steady) distribution mi 1111711 time with 
V = V(z) which solves the problem of the cptimum with tangential 
accelerations included (disregarded) . 
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TABLE 9.- 

ACCET.ERAa?ION PACODHS Pg^ POP SOME IHPICAL 

VELocur DismiBunoN 


Altittid-e, 

Rate of CllJiib 




km. 

Minimum time. 

Minimum fuel consun^tion, 

Steepest, 


A 

B 

C 

0 • • • • « 

0.963 

0.970 

0.962 

5*05 • • # • 


.961 

. 94-5 

6.10.... 

.958 

.944 

.918 

9.15 .... 

.909 

.914 

.875 

10.769 . . . 

.887 

.886 

.843 

10.769 . . . 

.915 

.880 

.815 

12.2 .... 

.885 

.837 

. 784 - 

15.7 .... 

. 81 A- 

.776 

.745 
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TABLE 10 .- RATE OF CLIMB - MINIMUM TIME - COMPARISON OF THE VALUES OF 
OPTIMUM VELOCITT AND RATE OF CLIMB COMPUTED BT ASSUMING 
Q = CONST. (V, Vz) WITH THOSE DEFINED BI CONSIDERING 
THE CHANGE IN WEIGHT OF THE AIRPLANE DUE TO FUEL 
CONSUMPTION (V, V'z) 



V, 

km/h 

V, 

km/h 

Vz, 

m/s 

V'z, 

m/s 

0 

5.05 

6.1 

9.15 

10.769 

10.769 

12.2 

15.7 

557.2 

567.0 

6 0 4.8 

655.5 

690.1 

755.9 

760.6 

799.5 

557.1 

566.5 

605.5 

652.1 

685.1 
728.9 

752.5 

785.5 

28.6 

22.6 

17.0 

11.6 

8.9 

8.7 

4.8 
1.2 

28.7 
23.0 

17.7 
12.5 

9.8 
9.6 

5.8 
2.5 













Figure 1.- Distribution of optimum velocity for minimum time climb; 

case I, < Z < Z 2 - 
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Flgiire 8.- Functions Me/Meq = f(Z); x/xq = f(Z). 


XX 
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Figure 9 .- Acceleraiion factor Fg^ = f(M, Mg) for minimum time climb 
(troposphere) . M = optimum Mach number for minimum time climb 
read from figure 2 . 
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Figure 10.- Acceleration factor Fg. = f(M, Me) for minimum time climb 
(stratosphere). M = optimum Mach number for minim^ time climb 
read from figure 3. 
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Figure 12.- Acceleration factor Fa = f(M, Mg) for climb of minimum 
consumption (stratosphere) . M = optimum Mach number for 
climb of minimum consumption read from figure 5. " 





KACA - Lwi«1«7 rield, Vii. 



Figure 13.- Comparison of different velocity distributions. 
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